The six available 5 minute period oscillation data sets have been inverted using the same method to determine the robust properties of the internal rotation rate of the Sun. The comprehensive result is that the rotation rate in the equatorial plane declines going inward between the surface and 0.6 of the radius and, with less certainty in the same region, the polar rate increases going inward. In other words, the surface-like differential rotation decreases with depth. The bulk of these changes occurs near the base of the convection zone. Going inward in the equatiorial plane from 0.6 to 0.4 of the radius, the rotation appears to be flat. Beneath 0.4 of the radius, we can make no appealing case for a rapidly rotating core. There is evidence that the internal rotation has changed systematically through this solar activity cycle. We also make a suggestion as to how oscillation data should be presented.
I. INTRODUCTION
By studying solar oscillations, we have learned much about the Sun's internal rotation. used the oscillation data of to determine the Sun's rotation rate near its equatorial plane. They determined that the rate through the convection zone is very close to the surface equatorial rate. Further, they reported that beneath the convection zone the equatorial rate declines going inward, and there is the hint of rapid rotation in the innermost region. Duvall, Harvey, and Pomerantz (1986) confirmed the result in the equatorial plane through the convection zone and reported that the entire convection zone mimicks the observed surface differential rotation. Brown and Morrow (1987) , Rhodes et al (1987 Rhodes et al ( , 1990 , Tomczyk (1988), and reported splitting data which are largely consistent with those of Duvall, Harvey, and Pomerantz (1986) . Brown et al (1989) used the data of Brown and Morrow (1987) , Dziembowski, Goode, and Libbrecht (1989) and Christensen-Dalsgaard and Schou (1988) used the data of , and Rhodes et al (1990) used their own data to confirm the earlier results and to show that near the base of the convection zone there is a radial gradient in the Sun's rotation. This gradient, they argue, may reflect a transition from differential rotation in the convection zone to solid body rotation just beneath.
It is our purpose to use a uniform approach to determine the internal rotation rate of the Sun from each of the six available sets of oscillation data. A comparison of the calculated rotation laws will reveal the extent of our confirmed knowledge of the internal rotation of the Sun.
Christensen-Dalsgaard, Schou, and have compared various methods of inverting solar oscillation data for finding the Sun's internal rotation. We chose the discretized 649 least-squares technique of regularization for our inversions. The results using this technique are consistent with those from the various procedures.
II. THE REGULARIZED INVERSION
The splitting data are generally presented in the form of a coefficients following from
where L = ^¿1(1 + 1) for the data of Duvall, Harvey, and Pomerantz (1986) , Rhodes et al (1987 Rhodes et al ( , 1990 , and Tomczyk (1988) and L = / for the data of Brown and Morrow (1987) and . P f is a Legendre polynomial and v is the oscillation frequency. The oscillation multiplets are labeled by n and / and their fine structure by m. The a^, a 3 -, a 5 -coefficients describe the fine structure in the splitting data arising from the linear effect of rotation, where
and where Q is the radius and // = cos 9 and 9 is the colatitude. The a 2 and a 4 coefficients are due to centrifugal distortion and, perhaps, the effect of perturbations which have the rotation axis as their axis of symmetry-like an aligned, axisymmetric magnetic field. To determine Q(r, 9) of the form in equation (2) where the H(L) are angular integral coupling coefficients of which examples are given in Table 1 and where the arrows indicate the L 2 > 1 limits for the p-modes. The angular integrals are discussed in more detail by Dziembowski and Goode (1990) . The large and small kernels are given by K n i(r) = lytir) + IQ + 1)4M -2y nl (r) z nl (r) -z 2 nl {r)~]pr* , (6) and Kir) = z 2 nl {r)pr* ,
where p is the density. The terms y nl (r) and z nl (r) are the coefficients in the definition of the displacement of the fluid element e, <t>) = r^yjr), zjr) ^ , zjr) 0) • (8)   TABLE 1 These oscillations are calculated using a standard solar model. For p-modes in the 5 minute period band, the large kernel K typically dominates the small kernel k by three orders of magnitude because the small kernel corresponds to a horizontal displacement and lacks a /(/ + 1) factor. Thus, the small kernel could have been safely ignored at the current level of accuracy of the oscillation data. With this, equations (3)-(5) would decouple. The equations further simplify if L 2 > 1. From Table  1 , it is clear that the /-value at which the asymptotic value of H(L) can be used depends strongly on whether L 2 = l 2 or /(/ +1). From Table 1 , we conclude that a cleaner assessment of internal rotation can be made by inspecting data for which L 2 = 1(1 + 1) than data for which L = l. Therefore, we argue that the observers should use L 2 = /(/ + 1) in the presentation of their data.
We employ the method of regularization to determine Q(r, 6). This method represents an important improvement over the usual method of minimizing %s to determine Q s (r) for s = 0, 1, and 2 from the coupled equations (3)-(5). The minimization of Xs t° solve this problem is discussed in some detail in Brown et al. (1989) . For all but the coarsest grid or simplest functions, minimizing Xs results in a rapidly varying Q s (r). These rapid variations arise because the problem is illconditioned.
In regularization, we invoke the a priori constraint that Q s (r) is a slowly varying function. This ensures that any radial variation calculated for Q is robust. Of course, this constraint is based on our prejudice about the nature of the internal rotation. We impose the constraint by minimizing «■s =Xs + t ls MP s, (9) rather than / 2 , where M is the number of (ni) multiplets in the data and where dr dr.
H-Coefficients The quantity rj s is not a free parameter. Rather, rj s is varied in the minimization of a 2 until = 1-When = 1, the calculated Q s (r) is precisely consistent with the errors in the data. In practice, we decrease until short-wavelength variations in Q s (r) almost begin to appear. We take this approach because the x 2 space is fairly flat. The method of regularization and other methods to determine Q s (r, 6) are reviewed by Gough and Thompson (1990) .
The six sets of splitting data used in our regularized inversions are all comparable in range of / and v-as shown in Table  2 . Thus, it turns out that each set best samples the same region of the solar interior-between about 0.6 and 0.9 R 0 > where R Q Rhodes et al (1987 Rhodes et al ( , 1990 and Tomczyk (1988) are different subsets of the same series of observations from the spring and summer of 1984. Each data set contains separate ö 3 -, and a 5 -coefficients, except for that of . That one data set includes only sectoral modes, so that we have only the sum Uj + a 3 + a 5 available for each (n/)-multiplet, rather than a 3 -, and a 5 -separately. Four of the six data sets were averaged over their respective frequency ranges so that in those cases there is only one a l5 a 3 , and a 5 for each /-value. For these four data sets, the corresponding kernels from equations (6) and (7) are averaged over the n-values in the frequency range for each /. Lastly, we note that the Duvall and Harvey (1989) data set which we employed and which is referred to in Table 2 was an unpublished table of sectoral splittings which were not averaged over the frequency, in contrast to the published splittings which were so averaged. Also, the Duvall and Harvey (1989) data set available to us covered a wider range of degrees than did their published table.
III. COMPARISON OF THE RESULTS OF THE INVERSIONS
First we examine the mean features of the data by performing the inversions with 77 = 00. This implies that there is a single value of Q 0 , and Q 2 for each data set-the mean rotation from that data set. The mean rotation laws are shown in Table 3 . Each law shown in the first three columns follows from using all the data in that set. The sectoral data of allow only a calculation of Q 0 . The details of that calculation are presented later in this section. The other five rotation laws are reasonably consistent for Q i and Q 2 -For Q 0 , the mean rotation in the equatorial plane, the results are fairly consistent, although there are differences which appear to be statistically significant. However, we must keep in mind that each set samples a somewhat different part of the interior because of frequency differences and /-value differences.
All six data sets contain splitting for each / between 20 and 50. If the mean rotation laws are recalculated for this restricted / range, then the and Q 2 are completely consistent within the resultingly larger 1 <7 error bars. From Table 3 , it is clear tjiat this restriction improves the agreement between the D 0 -values from the data of Duvall, Harvey, and Pomerantz (1986) , Tomczyk (1988) , Rhodes et al (1987 . On the other hand, there is a reduction in the consistency between the Q 0 -values from these four sets and those from the data of and Brown and Morrow (1987) . The difference in frequency range between the sets is not the source of the discrepancy. Compared to the other sets, the data of Libbrecht (1989) are skewed to lower frequencies. If we select from the data of Libbrecht (1989) only those modes between 2.5 and 3.5 mHz-like Brown and Morrow (1987) -the difference between the two Q 0 -values is not significantly reduced. Nonetheless, it is clear from Table 3 that the six data sets yield remarkably similar mean rotation laws considering that they were gathered on different instruments and reduced by different methods.
To calculate Q s (r), we successively weaken rj s , the smoothness parameter, from infinity and perform inversions until the first feature appears which is a radial gradient in the rotation in the convection zone. We further weaken rj s until a second feature appears in Q s (r). From this, we chose 7/ s = 10~6 for our inversions, except for the data where the error bars in the data are artificially small; for this case we chose rj s = 3 x 10 -5 . For each data set, it turns out that if rj were decreased much below the chosen value, shortwavelength oscillations would appear in the calculated Q s (r). These values of rj are larger than the 10" 7 used by Dziembowski, Goode, and Libbrecht (1989) . There is not much difference in x 2 whether 77 = 10 -6 or 10~7 because the / 2 space becomes flatter. Our choice of 77 implies a slightly harder stiffening of the rotation curve than that of Dziembowski, Goode, and Libbrecht (1989) , so that we report here only the most robust features of the rotation law.
We first compare the results for Q s (r) following from the data of Libbrecht (1989) and Rhodes et al (1987 Rhodes et al ( , 1990 . In Figure 1 , we show the relevant Q s (r) functions. The primary common feature is the abrupt radial gradient in Q 0 ( r ) an d D^r) centered near the base of the convection zone, which is near 0.7 R 0 (Christensen-Dalsgaard et al 1985) . If the lowest and highest / splittings are removed from the data of Rhodes et al (1987 Rhodes et al ( , 1990 ) so that, like , there are only / = 10-60 splittings, then the Q 0 function from the data of Rhodes et al (1987 Rhodes et al ( , 1990 ) is nearly identical to that from Libbrecht's data between 0.6 and 1.0 R Q . In particular, the small difference between the two Q 0 ( r ) functions disappears near 1.0 R 0 -Furthermore, the effect of adding the / < 10 splittings is reflected in an D 0 (r), which is decreasing going inward near 0.4 R 0 rather than increasing. This same behavior, a decrease, near 0.4 R© is replicated in the rotation law for ü 0 (r), following from the other data set which contains / < 10 splittings-that due to . Thus, we see the importance of the / < 10 splittings for the rate beneath 0.6 R©. The D 0 (r) functions are dominated by the ¿sq splittings.
The Q^r) function from the data of Rhodes et al (1987 Rhodes et al ( ,1990 ) is insensitive to whether the full set with / between 3 and 89 is used or the truncated set with / between 10 and 60 is used. The two Qi(r) functions in Figure lb show the same structure and have overlapping 1 a error bars. The Q 2 (r) functions shown in Figure 1c illustrate their sensitivity to the choice of / range. This is a consequence of the rather sharper and more erratic / Source Rhodes et al (1987 Rhodes et al ( , 1990 ) data are about twice as large. The shaded functions appear both in (a) and (c) where the two rates from the Rhodes et al. (1987 Rhodes et al. ( , 1990 ) data differ.
dependence of the a 5 coefficients. The upturn in Q 2 ( r ) below the convection zone arises from excluding l = 3-9 splittings, and the upturn near the surface arises from excluding / > 60 splittings. Although the Q 2 ( r ) functions do not show the same structure, they do in fact have overlapping 1 a error bars. The detail Fractional Radius Fig. lb of the agreement for Q 0 ( r ) an d between the various inversions of the two data sets is all the more remarkable, because, as previously mentioned in a more general context, the sets were gathered and reduced employing vastly different techniques.
To emphasize the primary feature in Q 0 ( r ) an d DiM, we repeated the inversion of Libbrecht's (1989) data, relaxing the regularization to allow a discontinuity at one point-0.73 R ö , the base of the convection zone in the solar model. The result shown in Figure 2 is a discontinuity in D 0 ( r )> ^i( r X an d D 2 (r) at 0.73 JR 0 , reflecting a sharp transition from surface-like latitudinal differential rotation in the convection zone to solid-body rotation beneath. The point here is that the regularization constrains against a gradient. So the real gradients are sharper than those shown in Figure 1 and could be as abrupt as those shown in Figure 2 . The results for an equivalent calculation employing the data of Rhodes et al. (1987 Rhodes et al. ( , 1990 are quite similar. In detail, Q^r) shows a strong trend toward reduced differential rotation in the interior. However, Q 2 (r) exhibits a weaker trend toward increased differential rotation in the interior. In sum, there is the same net sharp transition at 0.73 R 0 i* 1 the direction of reduced differential rotation in the interior.
As the discontinuity is arbitrarily moved closer and closer to the surface, the sharp change gradually disappears-having essentially vanished above 0.8 R Q . When the discontinuity is moved deeper beneath 0.73 R 0 > tbe sharp change gradually disappears.
To examine the sensitivity of the calculated Q s (r) function to the choice of constraint, we tried a second constraint, For large r¡ s , this constraint forces diljdr to be constant. The inversions here were performed using Libbrecht's (1989) data, the constraint of equation (11) and the same r¡ which was used to calculate the results shown in Figure 1 . In Figure 3 rotation law is compared to that from data as shown in Figure 1 . The general trends are the same. Not surprisingly, the constraint of equation (11) forces a larger gradient in Q 0 (r) and ^(r) near the base of the convection zone. The slope of the structureless n 2 ( r ) rate changed, as well. In fact, Q 2 (r) is dominated by the constraint. The results for Q^r) and ü 2 (r) reinforce the fact that we know the rotation best above 0.6 R ö . Also reinforced is the fact that we know £2 0 (r) Fractional Radius Fig. 2b better than we know Qi(r), and we know Q^r) better than Q 2 (r). The upturn in ü 0 (r) near 0.4 R 0 Figure 3a may lead one to suggest that the upturn is real. However, equivalent calculations using the l = 3-89 data of Rhodes et al. (1987 Rhodes et al. ( , 1990 , as shown in Figure 4 , point to a modest downturn in Q 0 (r) near 0.4 R 0 .
To assess the sensitivity of n o ( r ) t0 the method of inversion, we compare the results from three different approaches using the data of Rhodes et al. (1987 Rhodes et al. ( , 1990 . The three calculated rotation laws are shown in Figure 5 . First, regularization is used and Q 0 (r) is taken from Figure la . Second, the method of optimal averages, due to Backus and Gilbert (1970) , is employed. In optimal averaging, one determines a linear combination of the kernels in equation (5), such that the combination, ideally, samples only at the radius at which one wants to know Q 0 . This method enables one to calculate the radial granularity of n o ( r )-For a discussion of this approach, see Brown et al. (1989) or Christensen-Dalsgaard, Schou, and . It turns out that for the /-range of the data of Rhodes et al. (1987 Rhodes et al. ( , 1990 , we can form optimally averaged kernels, and therefore determine Q 0 , between roughly 0.4 and 0.8 R q . Following the approach of Brown et al. (1989) in detail, we see in Figure 5 that optimal averaging and regularization give interchangeable rotation laws. The third method is that of spectral expansion, and the results are taken directly from Figure 6 of Rhodes et al. (1988) . The Q 0 (r) calculated from spectral expansion is consistent with the results from the other two approaches. However, the solutions appear to oscillate from point to point about the regularized n 0 ( r )-An eight point solution was also computed, in addition to the six point solu-GOODE ET AL. tion shown in Figure 5 , and the small point-to-point oscillations in Q 0 were more apparent (see Fig. 2a of Korzennik et al. 1988) . These oscillations are an artifact of the method. The artifact is discussed in more detail later in this section in the context of the results of , where the point-to-point oscillations are much larger.
Before comparing results from the other four sets with those shown in Figure 1 , we need a method to calculate Q 0 (r) from 0.4 0.49 0.58 0.67 0.76 0.85 0.94 1.0 Fractional Radius Fig. 3b the data of . Since these data are for sectoral modes, an inspection of equation (5) reveals that we need to know the a 3 -and a 5 -coefficients for low /-values. Alternatively, we need to know a 3 -and a 5 -throughout the Rhodes et al (1987 Rhodes et al ( , 1990 . Three methods of inversion are compared.
Sun. However, we only know Q^r) and Q 2 (r) above 0.6 R 0 -To determine how sensitive the final result for Q 0 (r) is to Q^r) and Q 2 (r) in the interior, we performed an experiment in which we tried two extreme runs of and Ü 2 (r) in the interior. First, we used the values shown in Figures 2b and 2c which are consistent with zero in the interior. Second, we assumed that Q^r) and Q 2 (r) in the interior are the same as in the convection zone in Figures 2b and 2c . To determine n o ( r ) i n eac h limit, we solved a modified version of equation (5) :
where Snl = a l,nl + a 3,nl + a 5,nl • (13) The quantity S nl is the quantity reported by , and a$ nl and a% nl follow from the assumed Q^r) and Q 2 (r). The results of the inversions were insensitive to the two distinct limits for Q^r) and D 2 (r) in the radiative interior. That is, the differences between the two Q 0 (r) functions were small compared to the 1 a errors in the inversions.
In Figure 6 , we show the Q s (r) curves from our analyses of all six data sets. In Figure 6a we see in all cases a clear (>5%) decline in Q 0 ( r ) from the surface to 0.6 R©. Further, the sum of Q^r) and Q 2 (r) increases toward zero from the surface to 0.6 R e , except for the case of the Duvall, Harvey, and Pomerantz (1986) data set. Only this data set reveals no net tendency away from surface-like 0-dependent rotation in the interior. The errors in Q 0 (r) derived from the Duvall, Harvey, and Pomerantz (1986) data set are so large that its Q 0 ( r ) curve is consistent with the other five D 0 ( r ) curves shown in Figure 6a , even allowing for their large gradients near the base of the convection zone. The relatively large errors in the Duvall, Harvey, and Pomerantz (1986) Q 0 curve reflect the fact that this one data set comes from a relatively short 2 day run.
In Figure 6 , the / < 10 values were excluded from the data of Rhodes et al (1987 Rhodes et al ( ,1990 and in the inversions. These two omissions were made to facilitate a comparison of the rates near 0.4 R© where the sensitivity is greater to the low /. values. Including the / < 10 splittings lowers O 0 (r) near 0.4 R© as we illustrated in Figure la . We note that there is a sizeable discrepancy between Q 0 (r) at 0.4 R© from data and that from data, for which the 1 <j errors are shown. Perhaps there is a time dependence in the rotation. Inspecting Q 0 (r) near 0.4 R© in Figure 6a , we see evidence of a systematic change in Q 0 (r), with the lowest value corresponding to the earliest time in this cycle, and with Q 0 (r) near 0.4 R© subsequently increasing as the cycle goes to its minimum in 1986. The value of ü 0 (r) at r = 0.4 R© is plotted against time in Figure 7 . The trend for Q 0 (r = 0.4 R©) to increase with time is emphasized by the linear least-squares fit in Figure 7 . The largest value of Q 0 at 0.4 R© follows from the data of Duvall, Harvey, and Pomerantz (1986) taken at the last solar maximum. However, the 1 a error bars in that set at 0.4 R© are ± 48 n Hz, reflecting again the fact that those data come from a 2 day run. Because of the large error bars, we exclude from Figure 7 the result from those data. If the trends in Q 0 (r = 0.4 R©) were significant, there would be important consequences for the solar cycle with the radiative interior being a site of activity. If all /-values are included in each set, or if all /-values less than 20 are excluded from each set, the trend near 0.4 R© persists. Except for larger errors, the deletion of the / < 20 modes, so that all six sets could be treated on the same footing, yielded about the same results for Q 0 (r) near 0.4 R© as follows from excluding the / < 10 splittings.
If no / > 60 is allowed in the inversions, the differences near 1.0 R© between the D 0 (r) functions in Figure 6a nearly vanishes. Even the dip in the n o ( r ) from the Brown and Morrow (1987) data disappears there. Furthermore, near 1.0 R©, the dissonance, primarily due to a local maximum in a 3 near / = 40, between the Oi(r) function from Tomczyk's (1988) data and those from the other sets also disappears if / > 60 splittings are excluded. Thus, it is not unreasonable to think that the rotation near the surface may be noticeably different from that throughout the rest of the convection zone. Still, the general trend is for the differential rotation to decrease with increasing depth. This is illustrated in Figure 8 using the data of Tomczyk. In Figure 8 , the radial dependence of the rotation rate is shown at three latitudes-0° (the equator), 45°, and 90° (the pole).
The data of contain splitting data all the way down to / = 1. This implies that these data sample the deep interior. used these data to conclude that there is the hint of a rapidly rotating solar core. We show Q 0 (r) in Figure 9 , calculated using equation (12) and data with rj 0 = 3 x 10" 10 and a step size of 0.05 R© to mimic . The Q 0 (r) function for rj 0 = 3 x 10" 10 shows the structure calculated by -the hint of a rapidly rotating core, the sharp dip near 0.25 R© and the sharp peak near 0.35 R© and the weaker oscillations going toward the surface. The difference in Xo between the solution with rj 0 = 3 x 10" 10 and the other shown in Figure 9 is an insignificant 4%. As we increase i/o for the inversion from 3 x 10~1 0 to3 x 10" 5 , first, the large oscillations of Q 0 ( r ) i n the core vanish, and finally, the smaller oscillations in Q 0 (r) near the surface disappear. Thus, Figure does not reveal an appealing argument for even the hint of a rapidly rotating core.
It is clear that we need more splitting data both for / < 10 and / > 100 to better learn D s (r) beneath 0.6 R Q and above 0-9 Rq. have shown that, in terms of equation (2), the KelvinHelmholtz criterion for the interior may be written as -(50, + 9Q 2 ) < Q 0 .
This also implies a largely reduced level of 9 dependence for rotation in the interior. The inversions including / > 60 splitting suggest a dip in Q 0 (r) near 1.0 R 0 * For 1 between 10-60, the rotation laws for each of the six available sets of splitting data are in close agreement. The trend of the results for Q 0 ( r ) near 0-4 R 0 suggests the Fractional Radius Fig. 9 .-Çïjln vs. fractional radius from the data of mimicking the calculation of . For rj = 3 x 10" 5 , the error bars are comparable to the width of the crosses ( x ).
possibility of a time dependence in the rotation. As more oscillation data are gathered, this speculation will be tested.
